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A Motzkin path is any path starting on the z-axis that can
make up moves, down moves, and level moves, such that it
ends on the z-axis and never goes below the xz-axis. We may
take a Motzkin path and mark any number of levels steps
that lie on the x-axis.

1. INTRODUCTION AND BACKGROUND

A Motzkin path of length n is a lattice path starting at (0,0) and ending at (n,0) that
uses up steps U = (1,1), down steps D = (1,—1), and level steps L = (1,0), such
that the path never goes below the z-axis. The set of Motzkin paths is equivalent to
the set of words of length n with letters U, D, and L such that at every index, the
number of preceding U’s is greater than or equal to the number of preceding D’s.
Motzkin paths are counted by the Motzkin numbers, which are deeply connected to
the Catalan numbers and thus have been the subject of numerous studies over the
last forty years. See [? | and [? | for a couple of the earliest surveys.

In this paper, we wish to draw attention in particular to Motzkin paths that have
no peaks, i.e., Motzkin paths that do not contain the subsequence UD. Peakless
Motzkin paths are counted by the generalized Catalan numbers, also called the RNA
numbers, 1,1,1,2,4,8,17,37,82,185,423, ... whose generating function is given by

(1—z+2?) — V1 -2z —2? — 223 + 24
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Peakless Motzkin paths are in bijection with graph theoretic representations of the
planar folding of RNA molecules, otherwise known as RNA secondary structures.
RNA secondary structures and RNA numbers have been the subject of several studies
in more recent years, including [? | and [? |.

For the present study, we will consider peakless Motzkin paths where level steps at
a certain fixed height are allowed to be distinguished or “marked.” For instance, the
number of peakless Motzkin paths of length n having k£ marked level steps on the
x-axis is given by the (n, k)th entry of the following infinite lower triangular array:

o BN R =
S W N
D W =

—
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—_
w
—_
o
ot =
—_

This array is known to be a pseudo-involution in the Riordan group. The main
objective of this paper is to give a combinatorial interpretation of this fact using
Motzkin paths.

The organization of the paper will proceed as follows. The remainder of Section 1
provides the background and definitions needed to explain why the array R above is
a pseudo-involution in the Riordan group and to set the stage for the combinatorial
interpretation in terms of Motzkin paths. In Section 2, we provide a generating
function for the number of Motzkin paths with a prescribed number of level steps
occurring on the z-axis and a prescribed number of peaks. In Section 3, we present
a combinatorial proof that the array R is a pseudo-involution in the Riordan group
by way of an involution on the set of pairs of peakless marked Motzkin paths. In
Section 4, we prove an extension of the result from Section 3 to obtain a new class of
combinatorial arrays and corresponding combinatorial identities.

1.1 Background on the Riordan group
In order to provide the background motivating this paper, we will briefly describe the
Riordan group. For more formative background on the Riordan group, see [? ].

An element R of the Riordan group is an infinite lower triangular array whose k-th
column has generating function g(z)f*(x), where k = 0,1,2,... and g(z), f(z) are
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generating functions with ¢(0) = 1, f(0) = 0. We say R is a Riordan array and write
R = (g(x), f(z)). Multiplication in the Riordan group is matrix multiplication. Since
a Riordan group element is determined by a pair of generating functions, the product
of Riordan matrices can be described in terms of generating functions as follows

(9(x), f(x)) * (W), 1(x)) = (g(x)h(f(2)), I(f(2)))-
The identity element of the Riordan group is (1, ) and the inverse of R is given by

R = (gle), fla))" = (g(;@)),fm) )

where f is the compositional inverse of f. An element R of the Riordan group is a
called a pseudo-involution if RM has order two, where M = (1, —x).

Proposition 1.1 ([? ]). Let

(1—z+2%) —V1—2x — 22 — 223 + 2

Then the Riordan array
1
1 1
1 2 1
(p(:c),xp(x)) = 2 3 3 1 = <pn,k>n,k20 (3>
4 6 6 4 1
8§ 13 13 10 5 1
is a pseudo-involution. That is,
1 ? 1
1 -1 01
1 -2 1 0 01
2 -3 3 -1 =1 0001
4 -6 6 —4 1 00001
8§ —13 13 —-10 5 -1 00 0O0O0T1
or equivalently, for fired n and [,
> 1, ifn=I
_1 k—+1 N — ’
k:O( )" P e {0, otherwise
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Proposition 1.1 was established using Riordan group algebra in [? |.

We use p, to denote the (n,k)-th entry of the Riordan array (p(z),zp(x)) from
equation (3). In Section 2, we show that p,j is the number of peakless Motzkin
paths of length n having & marked level steps on the z-axis. In Section 3 we provide
a combinatorial proof of Proposition 1.1 in terms of peakless marked Motzkin paths.

1.2 Definitions and notation for marked Motzkin paths

As this paper focuses on Motzkin paths with particular features, we wish to make the
those features clear in the following definition.

Definition 1.2. Suppose P is a Motzkin path.

e A flat in P is a level step that occurs on the z-axis. A flat is preceded by an
equal number of up and down steps.

e A peak on P is a sequence of an up step followed immediately by a down step.

e A hill is a peak that begins on the z-axis, or equivalently is preceded by an
equal number of up and down steps.

e We say P is peakless if it contains no peaks.

e If s is a step in P, we define the height of s to be the difference between the
number of up steps and down steps that precede it.

e A tunnel in P is a pair of steps (U*, D*) where U* is an up step, D* is a down
step that appears after U*, both U* and D* have the same height and every
step between U* and D* have a strictly greater height. A step s that occurs
between the two steps of a tunnel is said to be contained by the tunnel.

Throughout this paper we will allow level steps at a specified height to be distin-
guished by referring to them as marked level steps.

Definition 1.3. A marked Motzkin path is a Motzkin path where some level steps
may be marked. In relation to words, marked level steps will be represented with the
letter M. We say a marked Motzkin path is base marked or that it is a marked
base Motzkin path if marked level steps may only occur at height zero.

We will focus on Motzkin paths that are peakless and based marked.
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Definition 1.4. Let Pﬁhg denote the set of peak-less Motzkin paths of length n with
exactly & marked level steps, where marked level steps are only allowed to occur at
height h. Then P,(l?,)g denotes the set of peakless base marked Motzkin paths of length

n with k£ marked flats. Moreover, we define pﬁ[‘,l = |737(th2 .

2. GENERATING FUNCTIONS FOR MARKED MOTZKIN PATHS

In this section, we derive the ordinary generating function for pﬁfi, the number of
peakless base marked Motzkin paths of length n with k£ marked flats. We show that
this generating function is the same as the generating function for the kth column of
the Riordan array in equation (3).

Theorem 2.1. The coefficient of x*m’4°p® in the ordinary generating function

2

M(x7m7€7p): Y
1—2€—|—:U2—p:c2+m—|—\/(m+px2—1—x2)2—4w2

is the number of Motzkin paths with a up steps, a down steps, b level steps not on the
x-axis, ¢ flats, and d peaks.

Proof. Let M(x,m, ¢, p) be the generating function of Motzkin paths.

For any non-empty Motzkin path, there is a unique positive integer r such that (r,0)
is on the path, and no such smaller positive number is on the path.

Additionally every Motzkin path must start with a up step, which has weight z, or a
level step, which has weight ¢ since we start on the z-axis.

In the second case r = 1, and what follows in another, possibly empty, Motzkin path.
Thus the generating function for these Motzkin paths is ¢M (x, m, ¢, p).

In the first case, if the first step is an up step, then the step immediately proceeding
the point (r,0) must be a down step. Thus the path must pass through the points
(1,1) and (r — 1,1). What is between these two points must be another Motzkin
path since the same steps must be used and if it goes below 1 it will hit the bottom
contradicting the fact that r is the first positive integer r such that (r,0) is a point
on the path.

However in this raised Motzkin path there are no flats, and so the weight of flats
and all other level steps must be the same. If we want to consider flats and all
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other level steps to have the same weight, the generating function for these paths is
M(:L‘7 m’ m? p) °

Additionally if the raised Motzkin path is empty, then the original path has an up
step then a down step and then another Motzkin path, and so has two extra steps
and an extra peak.

Thus we break down the case where a Motzkin path begins with an up step into two
cases, one where it immediately takes a down step and thus form a peak, and the
other where is starts another non-empty Motzkin path.

As demonstrated, the generating function for paths of the first form is
*pM (2, m, {,p)
while the generating function for paths of the second form is
x (M(x,m,m,p) — 1) xM(x,m,{,p),
which is equal to

QZ'QM(ZL‘, m, m>p)M('T7 m7£7p) - ZL‘QM(:[,‘, m, gap)

Thus every Motzkin path is either: the empty path given by the generating function
1, a level step followed by another Motzkin path given by the generating function
(M (x,m, ¥, p), a up step followed by a down step followed by another Motzkin path
given by the generating function x?pM (x, m,(,p), or a up step followed by a raised
non-empty Motzkin path followed by a down step and then another Motzkin path
given by the generating function x?M (z, m, m,p)M (x,m,{,p) — 2>*M (x,m, {, p).

Since every Motzkin path must be of one of these forms and all the cases are mutually
exclusive we have that

M(z,m,{,p) =1+ (M (z,m,{,p) + °pM(z,m, ¢, p)
+ xQM(x, m, m,p)M(x,m,l,p) — xZM(x, m, {,p).

Pictorially, we have that every Motzkin path looks likes exactly one of the following
where M is a Motzkin path:
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Solving for M (z,m, ¢, p) we get that

M l,p) = '
(x,m, ’p) 1_€_x2p+x2_x2M(:p7m,m,p)

Since
M(I7 m7 m7p) = M(I7 m7 g?]))

|£:m )

we have that

M(z,m,m,p) =1+ mM (x,m,m,p) + prM(x,m, m,p)
+ IQM({L‘,m,m,p)Q - w2M(x,m,m,p).

Solving for M (x, m,m,p) we get that

(1—m—x2p+x2)~|—\/(m+x2p—x2—1)2—4x2

M(z,m,m,p) = 5,2

Substituting back into the formula for M (x, m, ¢, p) and simplifying, we get that
2

M(z,m, ¢, p) = .
1—2€+:L'2—p:c2+m—|—\/(m+px2—1—x2)2—4x2

O

Corollary 2.2. The generating function for pfgi, the number of peakless Motzkin
paths of length n having exactly k marked flats, is x*p*™'(z) where

(1—z+2%) —V1—22—2%— 223+ 2!
222 '

p(x) =

Thus, pnk, the (n,k)-th entry of the Riordan array in equation (3), is equal to pf%.

Proof. We will show that the generating function for the sequence {|73,(f,1\};’f:0 is

0k ok
(k;!c’%kM(l" x, L, 0))

l=x
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Given a peak-less Motzkin path m € P, it contributes some weight z*m’¢° to
M(x,m,¢,0). If we want to count the how many different ways there are to mark k
of its flats, then we count the number of ways to pick k of its ¢ flats. Thus the total
weight every of peak-less marked Motzkin paths with exactly & marked flats that we
can obtain from m is

<;> wambgcpd — C(C 1) (C k + 1)xamb€c — éi ( ambgc) ]

k! k! ok

Summing these over all peak-less Motzkin paths, give us the multivariate generating
function for k-marked flat peak-less Motzkin paths.

Since only the total length of the path matters, m and ¢ is placed with x, which gives
the total length of the path. However, since we must take the derivative with respect
to ¢ of the function and no other variable, the substitution of = into ¢ must be done
afterwards.

Thus the generating function for the sequence {|PT(L?,1]};:°:0 is

ok oF
(k"@ko(x, Z, E, O)) .
Now, we will show that
" k kil
(klang(x7x7€’0)> ezx_x p (CU>

where

(1—2+2%) —V1—2z— 22— 223+ 24
222 '

p(x) =

First, notice that, by Theorem 2.1, M (z,x,¢,0) = 2(3(¢))~! where

Bl)=(1—-20)+z+2*+V1 -2z — 22— 223 + 2.
It is easy to show by induction that

oF oF
7M(.T, fL‘,é, O) = %

o 25—1<£> _ 2k+1k’!ﬁ_(k+1)<£>
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Therefore, we have

k k k
(ﬁ O M, 0, 0>) £

v — T ok+1p1n—(k+1)
k! OOk (k!2 i (@)
_ xk2k+1ﬁ7(k+1)(x)

= okFlgk (1—x+x2+\/1—2x—x2—2x3+x4

{=x l=x

)—(k+1)

k+1
l—x+a24+ V1 -2z — 22— 223 + 24
_ .Ckak—H(,T)

3. AN INVOLUTION ON PAIRS OF PEAKLESS MARKED BASE MOTZKIN
PATHS

As in Section 1, we let p,x denote the (n, k)th entry of the Riordan array (3). We
showed in Section 2 that p,, ; = pﬁ%, the number of peakless Motzkin paths of length
n having exactly k& marked flats. We now turn to the first objective of this paper,
which is to provide a combinatorial proof of the following identity. Given fixed n, I,

1, ifn=1

0, otherwise

i (=1 p s pri = { (4)
k=0

This identity is a direct algebraic consequence of Proposition 1.1. However, we wish to
prove identity (4) combinatorially, thereby providing means to generalize the identity
for a class of arrays in Section 4. To accomplish this task, we will construct an sign-
reversing involution «;, , on the set of pairs of base marked Motzkin paths having k
and [ marked flats, respectively. Figure 1 summarizes how «, , works.

We begin by constructing a map S which creates signed marked Motzkin paths from
pairs of base marked Motzkin paths.

Definition 3.1. A signed marked Mozkin path is a Mozkin path where each step is
designated as being either positive (4) or negative (—).
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S(My, My) —% v, 4(S(My, My))

Ll

(MlaMQ) — (Nl,Nz)

Figure 1: Given My € 73(0,)C and Ms € P,goe), ay, ¢ 1s the composition of signed

n7
substitution S (as in Definition 3.3), ¢, and the unique decomposition from

Lemma 3.11.

Example 3.2. Here are some examples of signed marked Motzkin paths, where
marked levels have a vertical mark in the middle.

— 4+ + -+ + -

+ -+ - —+ -+

UtU-D*L-D-U*M-D* U-U*U+*M~-D+D+D-

++ - —4+ -+
1
| |

UtU+M~-L~D*M-D*

Definition 3.3. Let M,, ;, denote the set of marked Motzkin paths of length n with
k marked level steps (at any height). Given marked Motzkin paths M; € M, and
M, € My, we define the signed substitution S(M;, M;) of M, into M; to be
the signed marked Motzkin path obtained by first replacing the i mark level step
of M, with the i"* step of M, for 1 < i < k, and then designating every position in
S(My, M) where replacement occurred with as negative and all others as positive.

Note that we will also use S as a function from M, ; x M, to the set of signed
paths. Formally this should be written as S((M, N)) where (M, N) € M, X My,
however to avoid extra parenthesis we shall write this as S(M, N) as well.

Example 3.4. Here are some examples of signed substitution .S, where marked levels
have a vertical mark in the middle.
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+ — 4 - -+ -+ -
| ﬁ |
M, My S(My, M) Ny N, S(Ny, Ny)
+ - -+ -
H
Wi Wy S(W,, W)

Theorem 3.5. Given marked Motzkin paths M € M,,, and N € My, 4, the sequence
of unsigned up and down steps given by S(M, N) is a marked Motzkin path of length
n with ¢ marked steps.

Proof. By substitution, the number of marked steps in S(M, N) will be £. Since all
the marked steps in M are replaced by the steps in N, a step will be marked if and
only if it is a marked step in M replaced by a marked step in N. Since M has ¢
marked step, S(M, N) will have ¢ marked steps.

Now it remains to show that S(M, N) is a Motzkin path. It suffices to show that at
any point along the path that the number of down steps does not exceed the number
of up steps, and that the number of downs steps equals the number of up steps.

Let X; be the i'" step of S(M, N), M; be the i'" step of M and N; be the " step
of N. Let u; be the number of up steps that occur up to and including X; and d;
be the number of down steps that occur up to and including X; Every up or down
step in S(M, N) either came from form M; and is a positive step, or came from My
and is a negative step. Let u; be the number of positive up steps that occur up to
and including X; and d;” be the number of positive down steps that occur up to and
including X;. Similarly, let u; be the number of negative up steps that occur up to
and including X; and d;” be the number of negative down steps that occur up to and
including X;. Then v + u; = u; and dj +d; = d; for all 0 < i < n.

Since the up and down steps in M appear as positive up and positive down steps and
every positive step came from M, the number of up steps in M up to and including
M; is u; and the number of down steps in M up to and including M; is d;". Since
M is a Motzkin path the number of down steps does not exceed the number of up
steps at any point and the number of up is equal to the number of down steps. Thus

df <wuf and df =u.
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Consider step N, where k = u; + d; . Which is to say that the number of steps up
in N up to and including Ny is equal to the number negative step in S(M, N) up to
and including Xj.

Since N is a marked Motzkin path the number of down steps does not exceed the
number of up steps at any point, and the number of up steps in N is equal to the
number of down steps in N. Since the up and down steps in N appear as negative
up and negative down steps and every negative step came from N, the number of up
steps up to and including Ny is u~ and the number of down steps up to and including
Ny isd™. Thus d; <wu; and d, =u,.

Thus

di=df +dy <uf +u; =y and dp, =dt +d, =ul +u,

n = Unp.

Thus at every point on the path S(M, N) the number of down steps never exceeds
the number of up steps and contains the same number of up and down steps.

Thus the sequence of signed up and down steps given by S(M, N) is a marked Motzkin
path of length n with ¢ marked steps. O

Lemma 3.6. Given a marked base Motzkin path M € M, and a marked Motzkin
path N € My, let the signed substitution of N into M be given by S(M,N). Then
for every tunnel (U*, D*) in S(M, N), U* and D* have the same sign.

Proof. We proceed by contradiction. Suppose that S(M, N) has a tunnel (U*, D*)
such that U* and D* have different sign. Let X; be the i'" step of S(M, N), M; be
the i"* step of M and N; be the i*" step of N. Suppose X, = U* and X; = D*.

We first consider the case where the U* is a positive and the D* is a negative. Since
Xy is a negative down step, My is a marked flat in M, since M is a marked base
Motzkin path. Furthermore, M, is a positive up step. Now consider M, and My, and
the tunnel T" that contains M,. The other step in T must occur before or after Mj
since it can’t be My itself.

It can not occur after My since that would imply that the flat had height at least
one. Thus is must occur before My. But if that is the case, then after substitution,
the X, would be paired with the corresponding down step from M and not with Xj.

Thus there can not be a tunnel of a positive up step with a negative down step.

By symmetry, there also can not be a tunnel of a negative up step with a positive
down step.
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Thus for every tunnel (U*, D*) in S(M, N), U* and D* have the same sign when M
and N is a marked base Motzkin paths. O

We now proceed to construct an involution o, , on the set of signed substitutions of
pairs of marked Motzkin paths.

Definition 3.7. Let C be a signed marked Motzkin path. First, we say that a level
step L* of C' is the key level step if L* is the first unmarked level step (read left
to right) of C' such that every unmarked level step that occurs after L* has equal or
greater height. Then we define a function o, on signed marked Motzkin paths of
length n having [ marked level steps such that o, ¢(C') is the path obtained by doing
the following:

1. Find the key level step in C (if it exists; if not, a, (C) = C);
2. Switch the sign of the key level step;

3. Switch the sign of both steps in all tunnels (U*, D*) of C' which contain both
the key level step and at most one negative level step;

4. Maintain all other steps of C.

Example 3.8. Here are some examples of signed marked Motzkin paths, where
marked level steps have a vertical mark in the middle and the key level step is circled.

+-—-+ +--—+4 +++—-—— - +—+++ -+

UtL-L-D+* U*M~-L-D* U*L*D*M-U-L-D~ U*L-D*L*U+L-D*
- — =+

U+tL*U-L-D-D*

Example 3.9. Here are examples of «,, ¢ applied to signed Motzkin paths.
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-+ + + - = ++ ++ + + - — + + + — + ++ + + +
Cy 046,3(01) Cy 046,3(02)
- — — =+ + + - ++++ + + + +
Cs g 5(Cs)
- = = — -+ - — - — + — + + + +
Cy a474(C’4)) Cs 064,3(05)
—————— + — — -+ ++ -+ - —
Cs 9,8(Cs)
++++++ - - - -+ + 4+ - = —
Qg3
A1A2A3A4A5A6A7A8Ag BlBgB3B4B5B6B7Bng
X1 Xo X3 Xy X5 X6Y1 Yo V3 WWWsZy Zs ZeWWsW
S(Ml,MQ) O49,3(‘5'(]\417-]\42))

11 11 11
X XoXa XuXs X Xo XsXg Y1Yo Y3 21723737475 2627 ZgZg  WIWWWWsW
M, M, N Ny
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Definition 3.10. Given n,¢ > 0, let

and let

S(Wne)={S(M,N)| M e 73(?,1, N e P,g?g) for some k where ¢ < k <n}

n
denote the image of ¥, , under the signed substitution function S.

Lemma 3.11. Given an element (My, My) € W, ,, there exists a unique element
(N1, Ny) € U,, ; such that

S(Nl, Ng) = Oén’g(S(Ml, MQ))

Hence, since S(VU,, ) is finite, the function oy, : S(V,0) = S(V,) is a bijection.

Proof. Let M, € 77(%, M, € P,goe) and consider the signed marked Motzkin path

n

S(My, Msy). Let X; be the it step7 of M, Y; be the i*" step of M,, A; be the i*" step
of S(My, My), and B; be the i" step of ay, ¢(S(M;, Ms)). That is,

My= X;--- X,

My= Yi---Y

S(My, My) = Ay--- A,
Qno(S(My, M) = By--- B,

Construction of Ny, Ny: Observe by definition of signed substitution that S(My, Ms)
has exactly ¢ marked level steps, each of which is negative. Since o, doesn’t add
or remove steps and doesn’t change the sign of marked level steps, we have that
Q0 (S (M, Ms)) must have length n and ¢ marked level steps all of which are negative.

Define Ny := Z; - - - Z,,, where Z; is an unsigned marked level step if B; is a negative
step, and an unsigned step of the same type as B; if B; is a positive step.

In order to define Ny, first let k* denote the number of negative steps in oy, o(S(M;, M3)).
Then consider the set {ji,- - - , ji+ } of indices of the negative steps of a, o(S (M, Ms)),
where j; < -+ < jJg+. We can now define Ny := Wy -+ Wy« where W; is an unsigned
step of the same type as Bj,.

By construction, we see that N7 has length n with k£* marked level steps, and N, has
length &* with ¢ marked level steps. Furthermore, by observation of o, ¢(S(M;, Ms)),
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N; and N, are the only paths that could be combined via signed substitution to form
Qo (S(My, My)). It suffices to show that Ny € 73,2?,1* and Ny € 73,&935.

N7 and N, are marked Motzkin paths: To show that N; and Ny are marked Motzkin
paths it suffices to show that at any point along the path that the number of down
steps does not exceed the number of up steps, and that the number of downs steps
equals the number of up steps.

By Theorem 3.5 we know that S(M;, Ms) is a marked Motzkin path. Since oy, ¢ only
changes the signs of steps, we know that oy, (S(M;, Ms)) is also a signed marked
Motzkin path. By theorem 3.6 we have that for every tunnel (U*, D*) in S(M;, M,),
the two steps have the same sign. Observe that if a,,, changes the sign of one of
the steps in the tunnel it must change the other. Thus for every tunnel (U*, D*) in
Qo (S(My, Ms)), the two steps have the same sign.

For each i = 1,...,n, let u;, u;, df, and d; be the number of positive up steps,

negative up step, positive down steps, and negative up step that occur up to and
including B; in a, ¢(S(M, Ms)) respectively. Consider all down steps that occur up
to and including B;. Consider all the tunnels that contain these down steps. Each
of these tunnels contain a up step of the same sign as the down step. Thus for every
down step up to and including B; there is a corresponding up step of the same sign
which is also before B;, and so we have that dj < v and d; < u;. When i = n we
have that d = and d; = u,, since every down step in the entire path has been
accounted for and every down step is in a tunnel with an up step.

By construction, the number of up steps and down steps preceding Z; in Ny is u;

and d;" respectively, so N; is a marked Motzkin path. Similarly, by construction, the
number of up steps and down steps preceding W in Ny is uj, and d;, respectively, so
Ny is a marked Motzkin path.

N; and N, are based marked: We will show that every marked level step in /Ny and
Ny has height zero.

First, we consider N,. If W; is a marked level step in N,, then Bj is a negative
marked level step in «,, ¢(S(M;, Ms)) Since ¢ only changes the signs of steps and
doesn’t change the sign of marked level steps, A; must be a negative marked level
step in S(My, Ms). If Aj, is a negative marked level step, it must be the result of
substituting a marked level step of M; with a marked level step of M.

Since M, and M; are both based marked, the number of up and down steps that
come before the marked level step in M, must be equal. Thus the number of negative
up and negative down steps that come before A;, in S(M;, Ms) are equal. Since the
marked level step in M, replaces a marked flat in M; the number of positive up and
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positive down steps that come before A;, in S(M;, M) are equal. Thus Aj, has height
zero in S(M;, M). Thus Bj, has height zero in «,, ((S(M;, M)). Since the number
of negative up and negative down steps that come before Bj, in «, o(S(M;, Ms)) are
equal, W; has height zero in Ny. Thus N, is based marked.

Now we consider N;. We want to show that every marked level step in /N7 has height
zero. If Z; is a marked level step in Ny, then B; is a negative step in o, ¢(S (M, Ms))
and A; is either a positive step or negative step in S(M;, Ms). So we have two cases
to consider:

1. A; is a negative step. Then X; is a marked level step in M;. Since M; is based
marked, X; has an equal number of up and down steps before it. This means
A; has an equal number of positive up and positive down steps before it. Since
ay, ¢ changes the signs of up and down steps in pairs B; has an equal number of
positive up and positive down steps before it. Thus Z; is preceded by an equal
number of up and down steps, meaning Z; has height zero.

2. A; is a positive step. Suppose towards a contradiction that X; does not have
height zero. Then there are more up steps then down steps before X;. Thus
there are more positive up steps before B; than positive down steps. Thus there
is a tunnel (B,, B,) that contains B; such that B, and B, are positive steps.

Thus there is a tunnel (A,, A4,) that contains A;. Since A; is a positive step
and B; is a negative step A; must be an up or down step. Furthermore, the
key level step must be a positive step, since o, ¢ switch a step from positive to
negative. Thus A, and A, must also be positive steps since otherwise we would
simultaneously have «,, , turn a negative step into a positive step. Without loss
of generality suppose that A; is a down step. Thus there is a tunnel (A,, 4;)
where A, is a positive step. We observe that (A,, A,) must contain A,, as well.
Since oy, ¢ changed the sign of step A; it must be that (A, A;) contains the key
level step. Thus (A,, A,) contains the key level step, which is a positive step.
Since A, and A, are positive, it must be that B, and B, are negative steps, a
contradiction. Thus X; has height zero. Thus X, is a marked flat. Thus NV, is
based marked.

N; and N, are peakless: Suppose towards a contradiction that N; had a down step
occur immediately after an up step. Then there are steps Z; and Z;,; such that Z; is
an up step and Z;,; is a down step. Thus B; and B, are a positive up and positive
down step respectively. Thus A; and A, are a positive up and positive down step
respectively since they can’t contain the key level step. Thus X; and X, ; are an up
and down step respectively. But then M; has a peak, a contradiction. Thus N; is
peakless.




PEAKLESS MOTZKIN PATHS WITH MARKED LEVEL STEPS 18

Suppose towards a contradiction that N, had a down step occur immediately after an
up step. Then there are steps W; and W, ; such that W; is an up step and W, is a
down step. Thus Bj, and B, , are a negative up and negative down step respectively.
Observe that every step B, where j; < u < j;,1 must be a positive step and therefore
(Bj,, Bj,,,) is a tunnel.

Ji+1
Thus (Aj,, Aj,,,) is a tunnel. Now either (A;,, Aj, ) contains the key level step in
S(My, Ms) or it doesn’t. So we have two cases to consider:

1. (A,,,A;,,,) does not contain the key level step. Then the signs of Aj, and A,

Jit1 Ji+1
would not change, nor would any step that they contain. Thus A;, and Aj,_

are negative steps with no negative steps between them. Thus there would be
steps Y, and Y, that are an up and down step respectively. Thus M, would
have a peak, a contradiction.

2. (4;,, A;,,,) contains the key level step A;-. Suppose the key level step was a
positive step. Then B;- is a negative step such that j; < ¢* < j;11, which
contradicts that every step between Bj, and Bj,, is a positive step. Thus the
key level step is a negative step. Observe that A;, and A;, ., must be negative
step since otherwise they would be positive steps with a negative key step which

would mean that B;, and Bj, , would be positive steps.

Furthermore, (A;,, A;,,,) must contain a negative step A;« other the key level
step since otherwise by ay, ¢, Bj, and Bj,, , would be positive steps. But then
B« is a negative step contain in (Bj,, Bj,,,) a contradiction.
Thus the key level step can be neither positive nor negative, which is impossible.
Therefore, Ny must be peakless.

We have concluded that Ny and N, are peakless base marked Motzkin paths with N, €
PO and N, € Pég?g. As a consequence we see that Im(aun,[gy, ) S S(Vn,e)- O

n,

Example 3.12. Here are a number of examples of signed substitutions of Motzkin
paths being put through «,, , and being decomposed:
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—+++ - - ++++++
S(Ml,MQ) Oén’z(S(Ml,MQ))
| I | °
| L |
M]_ M2 N]_ N2
+4+++++ —+++ - -
S((My, My)) o (S((M, Ma)))
° | I |
| L |
M, M, Ny Ny
R +H++++ -+ -
S(Ml,MQ) an,E(S(M17M2))

M, M, N
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Lemma 3.13. For all n,{, the function o, is an involution on S(¥, ).
Proof. This is a direct corollary of lemma 4.4. m

Finally, to achieve the objective of this section, we will associate a “sign” v with each
element of W, , and show that «;, , is a sign-reversing involution on ¥, ,. In fact, we
will show that «j, , is a sign-reversing involution on

v = (73,5?) x P,ﬁf?).
k=/¢

Definition 3.14. Given ¢ < k < n and a pair (M,N) € 73,(1?,1 X P,Ef}) we define the
function v such that
v(M,N) = (-1)"*

Thus v is —1 if the total number of marked level steps in the pair (M, N) is odd, and
1 otherwise.

Theorem 3.15. Let o, , be the function on VU, , such that o, (M, My)) = (N1, No)
from Lemma 3.11. Then o, , is an involution of W, , such that for any (M, Ms) €
W, ¢ either o, (My, My) = (My, M) or v(ay, (M, My)) = —v(My, My).

Proof. This is a direct corollary of 4.5. O

Lemma 3.16. Let F' be the set of fived points of ag, , : \1;7(2 — \D% That is,

F={(M,N)e W) | a;,(MN)=(MN)}

. Then
>, u(M,N)= > v(M,N)
(M.New, (M.N)eF
Proof. This is a direct corollary of 4.6. m

Lemma 3.17. Given (M, My) € V, ¢ we have that o, ,(My, My) = (My, My) if and
only if My = My is the peakless marked base Motzkin path consisting of exactly n
marked flats in a row.
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Proof. Suppose that M; and M, are the same peakless marked base Motzkin paths
of exactly n marked flats in a row. Then S(M;, M,) is a path of n marked flats all
signed with negative. Thus S(M;, M) has no unmarked level step, and thus no key
level step. Thus a, o(S(My, Ms)) = S(My, Ms). Since the decomposition is unique
oy, o(My, Mz) = (M, Ms).

Now conversely, suppose that aj, ,(My, Ma) = (M, My). Then it must be that
Qo (S(My, Ms)) = S(My, Msy). This can only happen if there is no key level steps
since otherwise that step would switch sign and there would be a different pair. Thus
M; and M, have no unmarked level steps.

Additionally M; and M; have no up or down steps. Suppose they did. Then they
must have a tunnel. But every tunnel of a based marked peakless path must contain
an unmarked level step. If the tunnel didn’t, then it would either contain a marked
level step which violates the based marked condition, or it would contain only up and
down steps which would imply the existence of a peak witch violates the peakless
condition. Thus M; and M, can’t have any tunnels. And so M; and M5 have no up
or down steps.

Thus M; and M, have only marked level steps. Since M; has n steps, it therefore
must have n marked flats, and so M; € P,(L?QL. In ordered for M5 to be substituted into
M it must have length equal to the number of marked steps in M;, thus M, € 777(2.

Since M5 has only marked level steps we also have that £ = n. And so My, M, € 7372?,)1
and contain only marked level steps. O]

Theorem 3.18. Let n,{ be any non-negative integers and py i be the number of
peakless Motzkin paths of length n having exactly k marked level steps occurring on
the x-axis. Then

= 1 ifn="
1\k+L _
é( 1) Pnk Pkt { 0 ifn0

Proof. First, observe that since p,; = 0 if & > n and py = 0 if £ > k, we know that
PnkDke = 0 unless £ < k < n. Hence,

o0 n n

(D" prge proe =D (=1 g pre =Y > v(M,N) (5)

= = = 0 0
k=0 k=¢ k=t (v, N)eP®) <P

- v(M,N) (6)
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From Lemma 3.16 with h = 0, we know that

> oM N)= 3 o(MN)

(M,N)ev,, , (M,N)eF

From Lemma 3.17 we know that F' is non-empty if and only if n = ¢, so

v(M,N), ifn="1¢
> w(M,N) = MNeF
(MvN)E\I}n,l O7 lf n 7é g

If n = ¢, then F contains exactly one element, i.e., the pair (M, N) where both M
and N consist of n = ¢ marked flats. In this case, v(M, N) = (—1)?" = 1. Hence,
with these observations, equation (6) leads us to the result:

o0

1 ifn="/¢

—1)**p, =
(=D P P {0 ifn 0

k=0

4. AN INVOLUTION ON PAIRS OF PEAKLESS MOTZKIN PATHS MARKED
AT FIXED HEIGHT

In the section, we will extend the result in Theorem 3.18 by considering pairs of paths
(M, N) where M € 73,(3,2; and N € 73,5&) for any non-negative integer h.

Definition 4.1. Given n,¢ > 0, let

v =U (P x P7).
k=¢

and let

S (\Ifglhg) ={S(M,N)| M € PT(L?,Z,N € P,g? for some k where ¢ < k < n}

That is, S (\Ifghz) is the set of all signed substitutions that result from substituting
a peakless marked Motzkin path of length k£ and ¢ marked level steps, where every
marked level step has height h, into a peakless marked base Motzkin path of length
n with k marked flats.
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Example 4.2. Here are a few examples of agfg acting on S(M, N) where M € 7)9(1?11
and N € P,g? for some fixed h.

—+t++t——= —Ft+tt+tt-— -+ +-—= == ===
1 1 1
| | | |
S(M7N) a'rll,é(S(M’N)) S(M7N) Oz'}L,E(S(MaN))
—+ 4+ - — = — 44+ =+
1 1
| |
S<M>N) arlz,ﬂ(S(M7N))
— A+t ———F+ A+t - -+ttt ==+ F -
S(M,N) ag o (S(M, N))

Lemma 4.3. Given (M, M) € \117% there exists a unique element (Ny, Ny) € \117%
such that

S(N1, Na) = al)(S(My, M)
Proof. Consider the signed marked Motzkin path S(My, M,). Let X; be the i step
of M, Y; be the i'" step of My, A; be the " step of S(My, M), and B; be the i"
step of al)(S(M,, My)).

Observe by definition of signed substitution that every marked level step in S(M7, Ms)
must be a negative step. Since oz,(fz doesn’t add or remove steps and doesn’t change

the sign of level steps, we have that 047(3(5 (M, Ms)) must have length n and ¢ marked
level steps all of which are negative.

Then we define N; to be the sequence of steps Z;---Z,, where Z; is an unsigned
marked level step if B; is a negative step, and an unsigned step of the same type as
B; if B; is a positive step.

In order to define N we first let & denote the number of negative steps in o) (S(My, My).

n,t

We may then consider the set {j1,-- -, jr} to be the set of indices of the negative steps
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of aﬁ[}@(S(Ml, M,) where j; < --- < jz. We can now define N, to be the sequence of
steps Wi - - - Wy where W; is an unsigned step of the same type as B;;.

By the observations of a,(fz (S(M,, My)) we have that N; has length n with & marked
level steps, and N, has length k with ¢ marked level steps.

Observe that by construction N; and Ny are the only paths that could be combined
via signed substitution to form 045[2(3 (My, My)). It suffices to show that N; € 737(1?,1

and Ny € P,

To show that N; and N, are marked Motzkin paths it suffices to show that at any
point along the path that the number of down steps does not exceed the number of
up steps, and that the number of downs steps equals the number of up steps.

By theorem 3.5 we know that S(M;, Ms) is a marked Motzkin path. Since a;’jg only
changes the signs of steps, we know that a(h)(S (My, Ms)) is also a signed marked

nt
Motzkin path. By theorem 3.6 we have that for every tunnel (U*, D*) in S(M;, M,),
the two steps have the same sign. Observe that if aﬁffg changes the sign of one of

the steps in the tunnel it must change the other. Thus for every tunnel (U*, D*) in
ozq(fz(S(Ml, M,)), the two steps have the same sign.

Let u;, u;, d, and d; be the number of positive up steps, negative up step, positive
down steps, and negative up step that occur up to and including B; in agfg (S(My, My))
respectively.

Consider step B;. Consider all down steps that occur up to and including B;. Consider
all the tunnels that contain these down steps. Each of these tunnels contain a up step
of the same sign as the down step. Thus for every down step up to and including B;
there is a corresponding up step of the same sign which is also before B;, and so we
have that d < v and d; < u;. When i = n we have that df = v} and d, = u,,
since every down step in the entire path has been accounted for and every down step
is in a tunnel with an up step.

By construction the number of up steps and down steps up to and before Z; in Ny is
uf and d respectively. Thus N; is a marked Motzkin path.

By construction the number of up steps and down steps in up to and before W; in

Ny is uj; and d;; respectively. Thus N is a marked Motzkin path.
We now show that N; is based marked and N, has marked sideways steps only at
height h.

Consider a marked level step W; in N,. Then Bj, is a negative marked level step in
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o) (S (M, My))

Consider step A;,, since ag} only changes the sign of a step, \S;, must also be a marked

level step. Furthermore A; must be a negative step since ah doesn t change the sign
of marked level steps. Thus Aj, is a negative marked level step in S(M,, Ms). Since
Aj, is a negative marked level step, it must be the result of substituting a marked
level step from M, into a marked level step from Mj.

Since M, € 73 4 and My € PH, the difference of up and down steps that come
before the marked level step in My must be h. Thus the difference of negative up
and negative down steps that come before A;, in S(Mj, Ms) is h. Since the marked
level step in M5 is substituted into a marked flat in M; the number of positive up and
positive down steps that come before A;, in S(M;, Ms) are equal. Thus Aj, has height
h in S(My, My). Thus Bj, has height h in agz(S(Ml, Ms,)). Since the difference of

negative up and negative down steps that come before Bj, in ozflz(S(Ml, M,)) is h,

W; has height h in Ny Thus the marked level step in N, is at height h.
Thus N; € P,EZ)

Consider a marked level step Z; in N;. Then B; a negative step in afl 2(5 (M, My)).

Now A; is either a positive step or negative step in S(M;, M;). We break the problem
in cases:

Case 1: A; is a negative step. Then X; is a marked level step in M;. Since M is
based marked, X; has an equal number of up and down steps before it. Thus A; has
an equal number of positive up and positive down steps before it. Thus B; has an
equal number of positive up and positive down steps before it since afjj,? changes the
signs of up and down steps in pairs. Thus Z; has an equal number of up and down
steps before it. Thus Z; is a marked flat.

Case 2: A; is a positive step. Suppose towards a contradiction that X; does not have
height zero. Then there are more up steps then down steps before X;. Thus there
are more positive up steps before B; than positive down steps. Thus there is a tunnel
(By, B,) that contains B; such that B, and B, are positive steps.

Thus there is a tunnel (A,, A,) that contains A;. Since A; is a positive step and B; is
a negative step A; must be an up or down step. Furthermore, the key level step must
be a positive step, since aﬁfg switch a step from positive to negative. Thus A, and A,
must also be positive steps since otherwise we would simultaneously have 0451}2 turn
a negative step into a positive step. Without loss of generality suppose that A; is a

down step. Thus there is a tunnel (A,, A;) where A, is a positive step. We observe
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that (A,, A,) must contain A, as well. Since afj},? changed the sign of step A; it must

be that (A, A;) contains the key level step. Thus (A,, A,) contains the key level
step, which is a positive step. Since A, and A, are positive, it must be that B, and
B, are negative steps, a contradiction.

Thus X; has height zero. Thus X; is a marked flat. Thus N, is based marked.
We now show that N7 and N, are peakless.

Suppose towards a contradiction that N; had a down step occur immediately after an
up step. Then there are steps Z; and Z;,, such that Z; is an up step and Z;,; is a down
step. Thus B; and B;,; are a positive up and positive down step respectively. Thus
A; and A;,, are a positive up and positive down step respectively since they can’t
contain the key level step. Thus X; and X;,; are an up and down step respectively.
But then M; has a peak, a contradiction. Thus N; is peakless.

Suppose towards a contradiction that N, had a down step occur immediately after an
up step. Then there are steps W; and W;,; such that W; is an up step and W, is a
down step. Thus Bj, and Bj,, are a negative up and negative down step respectively.
Observe that every step B, where j; < u < j;.1 must be a positive step and therefore
(Bj,, Bj,,,) is a tunnel.

Ji+1

Thus (Aj,, Aj,.,) is a tunnel. Now either (A;,, A;,,,) contains the key level step in

Jit1 Jit1

S(M;, Ms) or it doesn’t. We break the problem into cases:

Case 1: (Aj,,A;,,,) does not contain the key level step. Then the signs of A;, and
Aj,., would not change, nor would any step that they contain. Thus Aj; and Aj,
are negative steps with no negative steps between them. Thus there would be steps
Y, and Y, ., that are an up and down step respectively. Thus My would have a peak,
a contradiction.

Case 2: (Aj,, Aj,,,) contains the key level step A;-. Suppose the key level step was a

Ji+1
positive step. Then B;« is a negative step such that j; < ¢* < j; 11, which contradicts

that every step between Bj, and Bj,,, is a positive step. Thus the key level step is

a negative step. Observe that A;, and A;,, must be negative step since otherwise

they would be positive steps with a negative key step which would mean that Bj,

and Bj,,, would be positive steps. We also have that (A;,, A;, ) can not contain a

marked step since otherwise the marked step would be a negative step, and so there

would be a corresponding negative marked step that was contained by (B;,, B;,, , ).
Furthermore, (Aj,, A;,,,) must contain a negative step A other the key level step
since otherwise by agfg, Bj, and Bj,,, would be positive steps. But then Bj« is a

negative step contain in (Bj,, Bj,,,) a contradiction. Thus the key level step can be
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neither positive nor negative, which is impossible.
Thus N, is peakless.

Thus N; and NZ are peakless base marked Motzkin paths. As a consequence we see
that for all Im(a2) € S (¥{}). O

Lemma 4.4. For alln > ¢, h > 0 the function oz(hz is an involution on S( h))

Proof. Given an arbitrary element S(M,N) € S (Q/flhz) there are three cases to con-
sider: the key level step doesn’t exist, the key level step exists and is a positive step,
and the key level step exists and is a negative step.

Case 1: Suppose the key level step doesn’t exist. Then a( )(S(M N)) = S(M,N),
and so
(@ (S(M, N))) = S(M, N).

Case 2: Suppose the key level step exists and is a positive step. It suffices to show
that every step has the same sign when 047% is applied twice. Observe that every
step is exactly one of the following types: the key level step, level steps that are not
the key level step, steps in tunnels that don’t contain the key level step or contain a
marked level step, and steps in tunnels that contain the key level step and no marked
level steps.

Consider the key level step. Then it switches sign every time afj},? is applied, and so

it switches signs twice. Thus the key level step has the same sign in both S(M, N),
and o) (a")(S(M, N))).

Consider level steps that are not the key level step. Since 0453 only changes the sign

of the key level steps and tunnels, these are unaffected by aff;. Thus they have the
same sign in S(M, N) and anz( (R )(S(M N))).

Consider steps in tunnels that don’t contain the key level step or contain a marked
level step. Recall that a% can only change the sign of steps in a tunnel if the tunnel
contains key step and no marked level steps. Since these tunnels don t they are un-

affected by anz Thus they have the same sign in S(M, N) and a ( (h)(S(M N))).

Consider steps in tunnels that do contain the key level step and no marked level
steps. Suppose that both steps in a given tunnel are positive steps. Observe that the
tunnel contains no negative steps since that would contradict the fact that M is based
marked. Since the key level step is a positive step and we have a tunnel of positive
steps that contain it, the key level step and the steps in the tunnel will becomes
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negative steps after applying «,, . Now the tunnel has negative steps and contains
exactly one negative step which is the key level steps. Thus the steps in the tunnel
will become positive steps after applying af[‘g Thus tunnels with positive steps that

contain the key level step have the same sign in S(M, N) and ané( )(S(M N))).

Suppose that both steps in a given tunnel are negative steps. Observe that the tunnel
contains a negative sideways step since otherwise N would have a peak. Since the
key level step and steps in the tunnel are of opposite sign the steps in the tunnel are
not changed by applying agfz

After applying aﬁfj; the key level step is a negative step, but the tunnel now contains

at least two negative steps, and so the sign of the steps in the tunnel won’t change

after applying oz(hz again. Thus tunnels with negative steps that contain the key level

step have the same sign in S(M, N) and &M( (h )(S(M N))).

Thus every step in S(M, N) will remain the same when af:z is applied twice. Thus
al

(o) (S(M, N))) = S(M,N).

Case 3: Suppose the key level step exists and is a negative step. It suffices to show
that every step has the same sign when affg is applied twice. Observe that every
step is exactly one of the following types: the key level step, level steps that are not
the key level step, steps in tunnels that don’t contain the key level step or contain a
marked level step, and steps in tunnels that contain the key level step and no marked
level steps.

Consider the key level step. Then it switches sign every time agfg is applied, and so

it switches signs twice. Thus the key level step has the same sign in both F, and
h
o (05, (S(M. N))).

Consider level steps that are not the key level step. Since ozgfg only changes the sign

of the key level steps and tunnels, these are unaffected by agfg. Thus they have the
same sign in S(M, N) and ang( (h )(S(M N))).

Consider steps in tunnels that don’t contain the key level step or contain a marked
level step. Recall that ozg?g can only change the sign of steps in a tunnel if the
tunnel contains key step and contain no marked level steps. Since these tunnels
don’t they are unaffected by ozgfz. Thus they have the same sign in S(M, N) and

ol (al)(S(M, N))).

Consider steps in tunnels that do contain the key level step and no marked level steps.
Observe that any tunnel which contains the key level step can’t have positive steps
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since the key level step is a negative step and a negative step contained in a tunnel
with positive steps would mean that M is not based marked.

Thus both steps in a given tunnel are negative steps. Suppose that a given tunnel
contains a negative step that is not the key level step. Then the tunnel contains at
least two negative steps and so is unaffected by applying a;’j,?. Applying a;’f,? again
will leave the tunnel unaffected again since the key level step and the tunnel will be

of opposite sign.

If the given tunnel contains no other negative steps other than the key level step,
applying agfg will change the sign of the steps in the tunnel. But then the tunnel
will contain positive steps and contain the key level step which is also a positive
step. Thus applying agfz again will change the sign of the steps in the tunnel back to

negative.

Thus every step in S(M, N) will remain the same when oszg is applied twice. Thus

o) (all)(S(M,N))) = S(M, N).

Thus agfz is an involution of S (\I/%) O

Theorem 4.5. Let o, , be the function on \Ifflhz such that o, ,((My, M3)) = (Ny, Na)

from Lemma 4.3. Then o, , is an involution of \Il,% such that for any (M, My) € \11%
either oy, ,(My, My) = (My, M) or v(a;, (M, My)) = —v(My, My).

Proof. Suppose (M, M) € Pfl?,lxp,g}) for some k. Consider S(M;, M) and a, o(S (M, My)).

Now aj, ,(My, My) = (N1, No) where
S(Ny, Na) = iy, o(S(My, My)).
Now, by definition a; ,(Ny, Na) = (L1, L) where
S(L1, L2) = ane(S(N1, N2)) = an (e (S(My, My)))
By Lemma 4.4 we have that

S(Ly, Ly) = ang(ano(S(My, My))) = S(My, Msy).

By Lemma 4.3 the decomposition is unique and so

(Ll, Lg) = (Ml,MQ).



PEAKLESS MOTZKIN PATHS WITH MARKED LEVEL STEPS 30

Thus
ay, (g, (M, My)) = oy, (N1, No) = (L, La) = (M, My).

: . . h
Thus o, , is an involution of \Il; 2.

n

Now let M, € P\), My € P!} be such that (M, My) # aj, ,(My, My).

By definition of a,,, we know that if S(M;, M;) has exactly k negative steps then
ay0(S(My, Ms)) has k£ b negative steps where b is odd (since an odd number of steps

had their sign switched). Thus N; € Pé?,zib, and Ny € P,E]:_L)bvg and
v(ap My, Mz)) = v(Ni, No) = (=1)F0H = (1) (=1)* = —u(M;, My).
That is, if (My, My) # «, ,(M;, My), then

U(O‘;,K(Mla My)) = —v(My, My).

O
Lemma 4.6. Let F be the set of fized points of a, , \Ifflhg — \I/S@ That is,
F={(M.N) € Wy | a;, (M, N) = (M, N)}
. Then
>, v(M,N)= >  w(MN)
(M.N)ew, (M,N)eF
Proof. From Theroem 4.5 we know that «;, , is an v-reversing involution on \IJ% and

thus a bijection on \Ifglhg Thus

2 > oMN)= > o(MN)+uv(o,(MN)).

(M,New) (M,N)ew!")
Let F' C \If% be the set of fixed points of a;, ,. Then
Z U(MaN)+U<a;,E(M7N)> = Z U(M7N>+U(QZ,K(M7N))
(MmN, (M,N)eF
+ Y w(M,N)+uv(al (M, N))
(M,N)ew ")\ F

=2 Z v(M,N),

(M,N)eF
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since by Theorem 4.5, v(M,N) + v(a;, (M, N)) = 0, for any element (M,N) €
q/ffg \ F. Hence,
> w(M,N)= > u(M,N)
(M.N)ew ™ (M,N)eF

n,l

]

Theorem 4.7. Letn, { be any non-negative integers and pflh,l be the number of peakless
Motzkin paths of length n having exactly k marked level steps, where only level steps
at height h are allowed to be marked. Then the ordinary generating function over n

for

> 0 h
(1)) pi
k=0
18

1 ifl=0

x2htt ( x21> otherwise
i=0

Proof. First, observe that since pgb,l =0if £ > n and p,ghg = 0 if £ > k, we know that

pf% pffg = 0 unless ¢ < k < n. Hence,

> 0 h " 0 h "
S (DR ) =3 (1) p) =3 > w(M,N) (7)
= v(M, N) (8)
(M,N)expfjj;

By Theorem 3.15 we have that «,, ¢ is a v-reversing involution and from Lemma 3.16,
we know that
>, uo(M,N)= > v(M,N)
(M,N)E\I/ihz (M,N)GF
where

F={(M,N)eW)|a;, (M N)=(MN)}.

By definition of o} , we know that in order for (M, N) to be in F, neither M nor N
can have unmarked level steps.
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Suppose that (M, N) € F and £ = 0. Then N has no marked level steps. Then N
can have no up or down steps since then it would either have a peak or a sideways
step. Thus N must be the empty path. Thus M has no marked level steps and so it
is the empty path as well. Thus the only fixed point with no marked steps in N is
the pair of empty Motzkin Paths. Hence, if ¢ = 0, the ordinary generating function
for 3 anyer v(M, N) over n is 1.

Now suppose ¢ > 1. Since M is based marked and cannot have any level steps it
must be a path consisting of n = k& marked level steps. We also have that N has at
least one marked level step. Since marked steps must occur at height h in N the first
h steps of N must be up steps (otherwise there would be an unmarked level step or
a peak) and similarly the last h steps of N must be down steps. Thus N must be of
the form

N:U---UEPJ-IEPJ-Z---EP- LD---D

Je—1
h steps h steps

where there are ¢ marked level steps L and each P;, is some sequence of steps that
do not contain any marked level steps. Thus P;, must only contain up and down
steps. If Pj, has up steps, they cannot appear first since that would imply a peak or
unmarked level step. Thus each P;, must be of the form

P,=D---DU---U
—_——— ——
Ji steps  j; steps
where 0 < 5, < h foreachi=1,...,¢— 1.
Since M is a sequence of marked steps, its length must be equal to N’s length. Hence,

for £ > 1, (M,N) € F if and only if

(M,N)=(L---L,U---ULP;LP;,---LP;, .LD---D)

Je—1
n steps h steps h steps

where 0 < 35, <h, P, =D---DU---U,fori=1,...,—1, and
Ji steps  j; steps

/-1
n=2h+0+2) j.

=1

In this case, then v(M, N) = (—1)"** =1 and
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whose ordinary generating function over n is

-1

h
x2h+€ Z x?l
1=0
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